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FINITE BRUCK LOOPS

MICHAEL ASCHBACHER, MICHAEL K. KINYON, AND J. D. PHILLIPS

ABSTRACT. Bruck loops are Bol loops satisfying the automorphic inverse prop-
erty. We prove a structure theorem for finite Bruck loops X, showing that X
is essentially the direct product of a Bruck loop of odd order with a 2-element
Bruck loop. The former class of loops is well understood. We identify the
minimal obstructions to the conjecture that all finite 2-element Bruck loops
are 2-loops, leaving open the question of whether such obstructions actually
exist.

Let X be a magma; that is, X is a set together with a binary operation o on X.
For each = € X we obtain maps R(z) and L(z) on X defined by R(z) : y — yox
and L(z) : y — x oy called right and left translation by x, respectively. A loop is a
magma X with an identity 1 such that R(x) and L(z) are permutations of X for
all x € X. In essence loops are groups without the associative axiom. See [Bi] for
further discussion of basic properties of loops.

Certain classes of loops have received special attention: A loop X is a (right)
Bol loop if it satisfies the (right) Bol identity (Bol) for all x,y, 2z € X:

(Bol) ((zox)oy)ox=z0((zoy)ox).

In a Bol loop, the subloop (z) generated by € X is a group. Thus we can define
27! and the order |z| of x to be the inverse of  and the order of z in that group.

The loop X satisfies the AIP-property if (roy) ! =2 toy™! for all z,y € X.
Finally X is a Bruck loop if X is a Bol loop satisfying the AIP-property.

We prove many of our results on loops by translating them into results about
groups, using an observation of Reinhold Baer in [Bal]: Given a loop X, define
K = {R(z) : * € X}, regarded as a subset of the symmetric group Sym(X) on
X, G = (K), to be the subgroup of Sym(X) generated by K, and H = G; to
be the stabilizer in G of the identity 1 of X. Set ¢(X) = (G, H, K). We call G
the enveloping group of X, H the (right) inner mapping group of X, and ¢(X) the
envelope of X.

The loop X is said to be an A,-loop if H acts as a group of automorphisms of
X in its representation on X.

We can now state our main theorems.
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Theorem 1. Let X be a finite Bruck loop and let G be the enveloping group of X.
Then:

(1) X = 0% (X) * O(X) and G = 0% (G) * O(G) are central products.

(2) 02 (X)NO(X) = Z is a subloop of Z(X) of odd order and O (G) N O(G)
is a subgroup of Z(G) of odd order.

(3) X/Z = 0% (X))Z x O(X)/Z.

(4) O%(X) = O(X), so O¥ (X)/Z is a 2-element loop.

(5) If X is solvable, then O (X) = O5(X), so X = O2(X) x O(X) and G =
02(G) x O(G).

See [FGT] for notation and terminology involving groups. We write Oq(X),
O(X) for the largest normal subloop of X of order a power of 2, odd order, respec-
tively. Further O% (X), O%(X) denotes the subloop generated by all 2-elements
of X (i.e. elements of order a power of 2), 2'-elements (elements of odd order),
respectively. Finally X is a 2-element loop if every element of X is a 2-element.

One of the main tools in the proof of Theorem 1 is the following result about
arbitrary Bruck loops, which is of independent interest.

Theorem 2. Let X be a Bruck loop and let x,y € X with x a 2-element and y an
element of odd order. Then R(x)R(y) = R(xoy) = R(yox) = R(y)R(x). Hence
roy=you.

Theorem 1 reduces the study of finite Bruck loops to the study of 2-element loops
and loops of odd order. The category of Bruck loops of odd order is essentially
equivalent to the category of pairs (G, 7), where G is a group of odd order and 7 an
involutory automorphism of G' such that G' = [G,7] and Cy(g)(7) = 1. This fact
goes back to Glauberman in [G2] and [G3]; see also 5.7, 5.8, and 5.10. As a result,
Bruck loops of odd order are well behaved and well understood. On the other hand
Bruck 2-loops seem difficult to analyze.

It seems possible that all finite Bruck loops X are solvable, and hence X =
02(X) x O(X). Our next theorem is a step toward proving that finite Bruck loops
are indeed solvable. Define a finite Bruck loop to be an M-loop if each proper
section of X is solvable, but X is not solvable.

Theorem 3. Let X be an M-loop, let e(X) = (G, H,K), let J = O3(G), and let
G*=G/J. Then:

(1) X is a simple 2-element loop.

(2) G* =2 PGLy(q), with q=2"+1> 5, H* is a Borel subgroup of G*, and K*
consists of the involutions in G* — F*(G*).

(3) F*(G) = J.

(4) Let ng = |[KNJ| and ny = |K NaJ| fora € K —J. Then ng is a power of
2, ng =n12"1, and |X| = |K| = (¢ + 1)ng = n127(2" "1 +1).

One would like to show that M-loops do not exist, and hence show that finite
Bruck loops are solvable. Theorem 3 identifies a set of obstructions to that goal.
This is essentially the same set of obstructions to the Main Theorem of [A2] on Bol
loops of exponent 2. See section 12 of [A2] for a discussion of possible approaches to
eliminating these obstructions or alternatively to constructing examples of M-loops.
These approaches involve the analysis of Bruck 2-loops.

The class of finite Bol loops which are also A,-loops is much larger than the class
of finite Bruck loops; for example the former class includes all finite groups. Still
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(cf. Lemma 8.1) the latter class can be described in terms of the former class and
the class of finite groups, allowing us to prove:

Corollary 4. Let X be a finite loop which is both a Bol loop and an A,.-loop. Then
X is solvable iff the enveloping group of X is solvable.

The proof of Theorem 1 uses the solvability of groups of odd order, established by
Feit and Thompson [FT], Glauberman’s Z*-Theorem [GI], and several other results
from the theory of finite groups, whose proofs are a bit easier and can be found in
[EGT]. The proof of Theorem 3 involves appeals to the Main Theorem of [A2] and
its proof, which in turn uses the classification of the finite simple groups, together
with deep knowledge of the subgroup structure of the automorphism groups of those
groups.

1. LooPS, FOLDERS, ENVELOPES, AND TWISTED SUBGROUPS

In this section we recall some notation and terminology involving loops, summa-
rize some facts about loops, and references for those facts.

In [A2], a loop folder is defined to be a triple £ = (G, H, K), where G is a group,
H is a subgroup of G, K is a subset of G containing 1, and for all g € G, K is
a set of coset representatives for HY in G. The folder is an envelope if G = (K)
and faithful if kerg (G) = 1, where kerg(G) is the largest normal subgroup of G
contained in H.

For example if X is a loop, then €(X) is a faithful loop envelope.

Section 1 of [A2] contains the definition of a category of loop folders and functors
€ and [ to and from the category of loops and the category of loop folders. The
reader is directed to [A2] for notation, terminology, and results about folders and
these functors.

A twisted subgroup of a group G is a subset K of G such that 1 € K and for
all z,y € K, zy~'z € K. See section 5 of [A2] for a brief discussion of twisted
subgroups taken from [AI].

A folder ¢ = (G,H,K) is a Bol loop folder if K is a twisted subgroup of G.
Further (cf. 6.1 in [A2]) a loop X is a Bol loop iff ¢(X) = (G, H, K) is a Bol folder.
In that event there is a normal subgroup Z (G) of G called the K-radical of G, and
a corresponding normal subloop Z(X) of X (which is a group) called the radical
of X. Moreover if Zx(G) = 1, then there is a unique automorphism 7 = 7x of G
such that 72 = 1 and K C K (1), where

K(r)={g9eG:g" =g}

See section 6 of [A2] for further discussion.

Next X is an A,-loop iff H acts on K via conjugation (cf. 4.1 in [A2]). Further
X is a Bruck loop iff X is a radical free (i.e. Z(X)=1) A,-loop (cf. 6.7 in [A2]).

The material in the remainder of this section is elementary and easy. See for
example section 1 of chapter IV in [Br] for more discussion and proofs.

A normal subloop of a loop X is the kernel of a loop homomorphism. Further a
subloop Y of X is normal iff for all a,b € X,

ao(Yob)=Yo(aob)=(aoY)ob,

in which case the cosets Yoz, x € X, form the equivalence classes of an equivalence
relation on X, and we can form the factor loop X/Y on this set of equivalence
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classes, with multiplication defined by
(Xoa)o(Xob)=Xo(aob).

Also we obtain the surjective loop homomorphism 7 : X — X/Y with ar =Y oz
and ker(m) =Y. We have the usual facts:

(1.1) If p : X — X' is a surjective loop homomorphism with ker(¢) =Y, then:
(1) ¥ : XY — X' defined by (Y o x)v = xg is an isomorphism with ) = .
(2) IfU < X, thenUyp <4 X'.

(3) IfV < X', thenVp~! < X.

2. NORMAL STRUCTURE OF LOOPS
In this section £ = (G, H, K) is a loop envelope and X = [(£).

(2.1) Let & = (G4, Hy, K;) be normal subfolders of &, set & = £/&;, and let ; :
&€ — & be the natural map of 2.6 in [A2] with ker(m;) = &;. Then:

(1) &—ym; < &

(2) Let Gg = GlGQ, Hg = HmGg, and K3 = KﬂGg Then 53 = (Gg,Hg,Kg) Sl
§ and §3m; = §3_47;.

(3) £/& = &' /&sim.

(4) Let G() = G1 ﬂGQ, HO = H1 ﬁHQ, and Ko = K1 ﬂKg. Then 50 S] f

(5) Set G = G/Go Then Gg = Gl X Gg, Hg = Hl X HQ, and R3 = Kl X Rg.

(6) Let X; =1(&). Then X; is normal in X for each i and X3/ Xo = X1/Xo %
X2/ Xo.

Proof. Let G* = Gmy. Then ¢! = (G*, H*, K*) and &my = & = (G5, H, K3). By
29in [A2], X; < X and ¢; = I(m;) : X — X' = X/X; is an isomorphism. As
Xo <X, Xoty < X! by (1.1), and then by another application of (1.1), the
preimage Y of X3t in X under ¢ is also normal in X. By 2.9.3 in [A2], there
is a normal subfolder u = (Gy, Hy,Ky) of £ with I(u) =Y. As Yy = Xot)y,
K3 = K3, 50 sg« (K3) = s¢« (K3) is a subenvelope of £* and hence as G5 = H3 K3,
& is a subfolder of £* by 2.1 in [A2].

Let ko € K, let k € K, and let g € G. As {; < ¢ the normality condition (NC)
from section 2 of [A2] is satisfied by s, so there is I € HY N Gy and k3 € K with
kok = lks. Then k3k* = 1"k}, so & satisfies (NC) in £*, establishing (1).

Let o : & — £* /&5 be the natural map and let § = ma. Then 8: £ — £*/&; is
a surjective morphism with kernel &3, so &3 is a normal subfolder of &, establishing
(2) and (3).

Let u,g € Go. Then u = hyk, with h, € H9 and k, € K. As &; is a subfolder of
Efori=1,2, h, € H and k, € K;,s0 h, € HI/NHY = Hj and k,, € K1NK> = K,
and hence & is a subfolder of £. Similarly if ky € Ky and k € K, then kok = lky
for some | € HY and ky € K, and as §; < Efori=1,2,1€ HY, sol € Hf and
hence & satisfies (NC) in €. This establishes (4).

Of course

(;3 = GQ X GQ = Hlkl X HQKQ = (.Hl X HQ)(Kl X RQ),
with HiHy < Hs. Let a; € K;, i = 1,2. Then ajas = hk, h € Hs, k € K3. Also
ay = aja3 = h*k*, so h* = 1; that is, h € Hy. By symmetry h € Hs, so h =1 and
hence K7 x Ko C Kj3. Therefore H3 = H; x H3 and K3 = K; X Ks, establishing
(5).
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Finally applying the functor [ to (5), we obtain (6).
Given a set 7 of primes, define a finite loop X to be a w-loop if 7(|X]|) C 7.

(2.2) Assume X is finite and 7 is a set of primes. Then:
(1) X has a largest normal w-subloop O (X).
(2) There is a normal subfolder &, = (Gr, Hy, Kr) of € such that 1(&;) = Or(X).

Proof. Part (2) is a consequence of (1) and 2.9.3 in [A2]. By (2.1)(6), if X; and X5
are normal m-subloops of X, then there is a normal 7-subloop X3 of X containing
X1 and Xo, so (1) holds.

Write O(X) for 02/ (X)

3. RADICAL FREE BOL LOOPS

In this section X is a radical free Bol loop and § = ¢(X) = (G, H, K). Adopt
Notation 6.3 from [A2], and assume:

Hypothesis 3.1. M™T is a maximal subgroup of GT containing H(r) and J* is a
normal subgroup of GT contained in M. Set Gt* = GT/J*, Ky = KNM™, and
Ay =7Kp. Let A =G*T/M™ and represent G on A via right multiplication.

(3.2) (1) |K|=|A| and |Kp| = |Anm].

(2) Ay = ANM*T.

(3) 1Al = |G : M]|Au]. *
(4) Let \¥, 1 < i <7, be representatives for the orbits of G* on A*, m; = |[\;¢
n; = |ANNJT|, and ng = |[ANJT|. Then

)

Al =no + mez
i=1
(5) If |GT : M™| is odd, then ng = 0 and each member of A fizes a unique point
of A.

Proof. As the map k — 7k is a bijection of K with A and 7 € M, (1) and (2)
hold. The proof of (3) is straightforward and is the same as that of 12.5.1 in [A2].
Similarly the proofs of (4) and (5) are essentially the same as those of parts (2) and
(3) of 12.5 in [A2], but we repeat the details for completeness:

Let A; = {A € A: X\ € \f%} and let Ag =ANJT. Then {A; :0<i<r}isa
partition of A with |Ag| = ng and |A;| = nym; for 1 <i <r. Thus (4) holds.

Finally assume o = |GT : MT|is odd. Then by Sylow’s Theorem we may choose
A € M. Set

ti =AMt

Then arguing as in the proof of (4),

(*) An| =no+ Y nit;.

i=1

Therefore by (3), (4), and (*),

T T
ng + Znimi =|A| = a|Ap| = ano + Zaniti,
i=1

i=1
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(**) (Oé - 1)710 + Zni(ati — mz) =0.

We next claim:

M For each 1 < i < r, at; > m;, with equality iff each

A € A; fixes a unique point of A.
Namely each \; € A} is in some conjugate M 1*9 of MT* and |[MT*9 N A;| = t;, so
as

M = |G Neg(MT)|=|G: MT| = a,
m; = |A}| < at; with equality iff each \* is contained in a unique conjugate of M**
iff A fixes a unique point of A.
Finally by (1):

(M i ni(at; —m;) > 0 with equality iff each A € A— Ay

fixes a unique point of A.

As a > 1 we conclude from (**) and (!!) that (5) holds.

(3.3) Adopt the notation of (3.2), assume 1 < ng is a power of 2, and p is an
odd prime such that m; =0 mod p for all1 < ¢ < r. Then H contains a Sylow
p-subgroup of G.

Proof. By (3.2)(4), |A] =no mod p, so as 1 < ng is a power of 2 and p is odd, |A]
is relatively prime to p. Thus as |G : H| = |A], the lemma follows.

4. THE PROOF OF THEOREM 2
In this section X is a Bruck loop and u,v € X.

(4.1) (1) The map xz — R(x) is an isomorphism of (v) with (R(v)).
(2) For each integer n, (uov)ov™ =uov™tL,

Proof. Part (1) is well known; cf. 6.8 in [Al]. By (1),

(wow)ov" =uR(v)R(v"™) = uR(w" ™) = uo v,
establishing (2).
(4.2) (uov)?=(vou?)ow.

Proof. This appears in Lemma 1 in [G2], but we supply a proof for completeness:
Let w € X, and in the Bol identity (Bol), specialize y to w? and z to w=' oz~ to
get

-1

zo((@ow?)ox) = (w oz Y ox)ou?)or = (w

using (4.1)(2). Next as X is AIP,

1

zo(woz)? =(wox) to(wox) =wou,

2

so cancelling z from z o ((x o w?) ox) = z o (w o )%, we obtain the lemma.

(4.3) Assume k is a positive integer such that u? commutes with v?' for each
1<j<k. Then (uov)® =u* ov? for each 0 <i<k.
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Proof. The lemma is trivial if ¢ = 0. When ¢ = 1, (4.1)(2) and (4.2) say

2 2 2 2

(wov)? = (vou?)ov=(u?ov)ov=ru?o02’

Finally complete the proof by induction on ¢, using the validity of the lemma at
i1=1.

(4.4) Ifve (uow), then R(u)R(v) = R(uov) = R(vou) = R(v)R(u).

Proof. As v € (uov), u = (uov)ov™t € (uow) by (4.1)(2). Then the lemma
follows from (4.1)(1).

With these lemmas in hand, we can prove Theorem 2. Let x,y € X with |z| =2"
and |y| odd. We prove

(*) R(z)R(y) = R(roy) = R(y o x) = R(y)R(x)

by induction on n. Observe (*) implies oy = y oz, as R is injective.

When n = 0, (*) is trivial. Assume n > 0 and (*) holds for ¢ < n. Then
as |o?| = 2"~ !, each element of (22) commutes with each element of (y) by the
induction assumption. Therefore by (4.3), (z o y)?" = 22" oy?" = y*", s0 y*" €
(xoy). Then as |y| is odd, y € (z o y), so (*) holds by (4.4).

This completes the proof of Theorem 2.

5. BRUCK LOOPS

(5.1) Let X be a loop with envelope € = (G, H,K). Then the following are equiv-
alent:
(1) X i4s a Bruck loop.
(2) X is an A.-loop and X is radical free.
(3) H acts via conjugation on K and Zx(G) = 1.
(4) Ex(G) =1 and H < Cg(7x).

Proof. Parts (1) and (2) are equivalent by 6.6 in [A2]. Assume (2). Then X is
radical free, so Zx(G) = 1 by definition. As X is an A,-loop, H acts on K by 4.1
in [A2], so (3) holds. The proof of 6.7 in [A2] shows that (3) implies (4). Finally the
proof of (4) in 6.6 of [A2] shows that (4) implies X is an A,-loop; thus (4) implies
(2).
A loop folder ¢ = (G, H, K) is a Bruck loop folder if £ is a Bol loop folder,
Ex((K)) =1, and H acts on K via conjugation.

In the remainder of the section assume £ = (G, H, K) is a finite Bruck loop
folder. We adopt the following notational conventions:

Notation 5.2. As ZEx((K)) = 1, from 5.1.3.c in [A2], there is a unique automor-
phism 7 = 7¢ of (K) such that 72 =1 and K C K(7). As H acts on K, H N (K)
centralizes 7 by the uniqueness of 7. As ¢ is a loop folder, K is a set of coset
representatives for H in G, so as 7 centralizes H N (K) there is a unique extension
of 7 to G defined by 7 : hk — hk™ for h € H and k € K.

Form the semidirect product GT = G(r) of G by 7 and let A = 7K C G™*.
By 5.1 in [A2], A is (K)-invariant, so as H centralizes 7 and acts on K, and as
G = HK, A is also G-invariant.

Let Gf = Cgq+ (1), G, = Cg(7), and K, = Ck (7). Set & = (G, H, K,).

For U C H, let Ky = Cx(U), Gy = Ng(U), Hy = Nyg(U), and &y =
(Gu, Hy, Ky).
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(5.3) (1) &€ is an A,-loop folder; that is, H acts on K via conjugation.

(2) For each k € K, HN H* = Cy (k).

(3) H controls G-fusion in H.

(4) If u = (G, Huy K)) is a subfolder of &, then p is a Bruck loop folder, T acts
on G, and 7, = 7g,, -

(5) Suppose m : & — n = (Gy, Hy, Ky) is a surjective homomorphism of loop
folders, and let &y = (Go, Ho, Ko) = ker(w). Then 7 acts on Gg, n is a Bruck loop
folder, 7, = 7', where 7" : G, — G, is defined by 7' : gn — grm, and 7' is the
unique 7° : G — Gy, such that Tm = wT*.

Proof. Part (1) follows from the definition of Bruck folders. Then (1) and 4.3 in
[A2] imply (2) and (3).

Assume the hypotheses of (4). Then K,, C K C K(7), so 7 acts on K, and
H, < H < Cg(7), so T acts on H,. Therefore 7 acts on G, = H,K,. By 6.2 in
[A2], 41 is a Bol loop folder, and by construction H,, € Cg, (1) and K, C K(1), so
by 5.2 in [A2], 7(x,) = T(k,), completing the proof of (4).

Finally assume the hypotheses of (5). Then £ is a normal subfolder of £, so T acts
on Go by (4) and hence induces 7’ : G;, — G,, defined by 7" : gm +— g7m; further 7/
is the unique map 7* : G, — Gy, such that 70 = 77*. As 7 : K — K, is surjective
and K C K(7), this implies K,, C K(7’), and similarly 7’ centralizes H,, so by 5.2
in [A2], Zk, ((K,)) =1 and 7" = 7,,. Thus (5) holds.

(5.4) (1) & is a Bruck loop folder.
(2) X, =1(&) is of exponent 2.
(3) K, is Go-invariant and A, = Cr(1) = 7K.

Proof. By 6.6.5 in [A2], &, is a subfolder of £ and (2) holds. Then (1) follows from
(5.3)(4). Forge G and k € K, k=7Aforsome A € A;,s0k? =7\ € TA, = K,
as A is G-invariant, so K, is G,-invariant. Thus (3) holds.

(5.5) LetU C H and X =1(§). Then:

(1) &u is a Bruck loop folder.

(2) Xy = Fixx(U) is a Bruck subloop of X with I({y) = Xy .

(3) Ky = Nk(U).

(4) (Ky) is transitive on Xy .

(5) Ay = NA(U) = CA(U) = 7Kyp.

(6) If h € H and h®> # 1, then h is not inverted by any member of A. In
particular T inverts no conjugate of h.

Proof. By (5.3)(1), € is an A,-loop folder, so by (4.3)(3) in [A2], £y is a subfolder
of . Thus (1) follows from (5.3)(4). By parts (1) and (2) of 4.3 in [A2], Xy is a
subloop of X with I(§y) = Xy. Then as &y is a Bruck folder, X is a Bruck loop,
so (2) holds. Parts (3) and (4) follow from parts (4) and (6) of 4.3 in [A1].

Next Np(U) = TNk (U) = 7Ky, so (5) follows from (3). Then (6) follows from

(5).

(5.6) Assume & is an envelope, Q@ < G with @ < GT, and set Gt* = G1/Q.
Then the following are equivalent:

(1) |k*| is odd for each k € K.

(2) |[7*A*| is odd for each A € A.

(3) |G*| is odd.



FINITE BRUCK LOOPS 3069

Proof. As K = 1A, (1) and (2) are equivalent. Trivially (3) implies (2). Finally if
(2) holds, then A* = 7*¢ and by Glauberman’s Z*-Theorem [GI], G* = (K*) =
(r*A*) is of odd order.

Recall the definition of a 7w-loop from section 2. In particular a loop X is a 2-loop
if | X is a power of 2, and X is a 2'-loop if | X| is odd.

(5.7) Assume € is an envelope and set X =1(§). Then:

(1) The following are equivalent:
) X is a 2-loop.

b) G is a 2-group.

) af is a 2-element for all o, B € A.

) The following are equivalent:

) X is a 2'-loop.

b) |G| is odd.

) |k| is odd for all k € K.

Proof. As |X| =|K|=|G: H|, (b) implies (a) and (c) in (1) and (2).

Assume X is a 2-loop. Then |G : H| is a power of 2, so for each odd prime p and
each element g of order p in G, g is conjugate to an element of H. Thus no member
of A inverts g by (5.5)(6). Hence by the Baer-Suzuki Theorem (cf. 39.6 in [FGT]),
A C 05(GT), s0o K =7A C O5(G). Therefore G = (K) is a 2-group. Similarly if
(1c) holds, then no member of A inverts a nontrivial element of odd order, so the
same argument shows G is a 2-group, completing the proof of (1).

Assume X is a 2’-loop. As each k € K# is fixed point free on X, while (k) C K
by 5.1 in [A2], k is semiregular on X, so |k| divides |X| and hence |k| is odd.
Therefore (2a) implies (2¢), while (2¢) implies (2b) by 5.6, completing the proof of
(2).

(5.8) Let L be a group of odd order and let t be an involutory automorphism of L.
Then p = (L,Cr(t), KL(t)) is a Bruck loop folder, where K(t) = {l € L : I =
=1,

Proof. Let C = Cr(t) and K = Kp(t). The map o : Cg +— [t,g] is a well-
defined injection of L/C into K. Further as |L| is odd, for k € K, tk € t¥, so
k € tt* C o(L/C). Thus o is a bijection, so |L : C| = |K|. Finally if a,b,c € t¢
with 1 # z = ab € Cg(c), then (a) and (c) are Sylow in the normalizer of X = (z),
so there is g € Ng(X) with a9 = ¢ by Sylow’s Theorem. This is impossible as a
inverts X, while ¢ centralizes X. Thus p is a Bol loop folder and Zx ((K)) =1 by
the equivalence of parts (1) and (6) of 6.4 in [A2]. Then by construction, u is a
Bruck folder.

(a
(
(c
(2
(a
(
(c

(5.9) Assume Gy < G, set G* = G/Go, and assume |k*| is odd for each k € K.
Let Ho =HnN Go, KQ =KnN GQ, let EO = (Go,HQ,Ko), and let m: G — G* be the
natural map. Then:

(1) G* is of odd order.

(2) & is a normal subfolder of € and 7 : & — £/&y = (G*, H*, K*) is a surjective
morphism of loop folders with &, = ker(r).

(3) 1(€)/(60) = I(¢/€0) is a 2 -loop.

Proof. Part (3) follows from (1), (2), 2.7 in [A2], and (5.7)(2); part (1) follows from
(5.6).
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Let ¢ be the involutory automorphism of G* induced by 7 as in (5.3)(5), and
K, = Kg-(t). By (5.8), & = (G*,Cg~(t), Kt) is a Bruck loop folder. Further
H* < Cg+(t), K* C Ky, and G* = H*K™*, so it follows that H* = Cg«(t) and
K* = K;. Thus & = (G*, H*, K*) is a loop folder and 7 : £ — £* is a surjective
morphism of folders, so £ = ker(r) is a normal subloop of £ and &* = 1(£)/1(£o) by
definition of the notation in 2.6 of [A2]. That is (2) holds.

(5.10) Assume |G| is odd and let X = 1(§). Then:

(1) A=71Y H = Cg(7), and K = K(7).

(2) The map ¢ = J — (J,C;(7), K (7)) is a bijection between the set J of
T-tnvariant subgroups J of G and the set F of subfolders of &.

(3) Under the bijection p, normal subgroups of G correspond to normal subfolders
of €.

(4) The map Y — (x(Y)) is a bijection between the set of subloops of X and the
set L of L € J such that L = [L,].

(5) G and X are solvable.

Proof. The proof of (5.9) in the special case where Gy = 1 shows that (1) holds.

By (5.8), ¢ is a map from J into F, and by construction, ¢ is injective. If
p=(J,H;,Ky) € F, then J is 7-invariant and p is a Bruck folder with 7, = 7;
by (5.3)(4). Thus H; = Cy(7) and K; = K;(7) by (1). Hence ¢ is a surjection,
completing the proof of (2). If J < G, then ¢(J) < £ by (5.9), so (3) also holds.

Let Y be the set of subloops of X and let ¢ be the map in (4) (cf. Convention
1.9 in [A2] for the definition of k). Then ¢ is an injection from ) into £. Further
if L € L, then (L) € F, so ¢(L) = l(¢(L)) € Y, and hence ¢ is a map from L
to V. Next k(Y) = KNy(Y), so k(Y) is the set of translations of ¢(¢(Y)), and
hence ¥ = U(p(i(Y)) = o(u(Y)). Similarly Ky () = #(6(L)), 50 L = 9{((L)),
completing the proof of (4).

By the Odd Order Theorem [FT], G is solvable. Thus a minimal normal subgroup
L of G is an elementary abelian p-group for some prime p. By (3), (L) < &, so
by 2.9 in [Ad], (L) < X. As L is abelian, HNL < L, so ¢(L) = L/HNL by
2.10 in [AI]. By induction on the order of X, X/¢(X) is solvable, so X is solvable.

(5.11) D(G)=(K) < G.
Proof. This holds as G = HK and H acts on K via conjugation.

(6.12) If X = O3(X) x O(X), then X is solvable.

Proof. By (5.10)(5), O(X) is solvable, while by 7.4 in [A2] and (5.7)(1), O2(X) is
solvable.

(5.13) The following are equivalent:
(1) X is a 2-element loop.
(2) k is a 2-element for each k € K.
(3) 7 € O2(G™).

Proof. Parts (1) and (2) are equivalent by (4.1)(1). If (2) holds, then 779 is a
2-element for each g € G, so (3) holds by the Baer-Suzuki Theorem (cf. 39.6 in
[FGT]). Conversely if (3) holds, then for each A € A, 7A € (\)O2(G™T), so k = 7\
is a 2-element; that is, (3) implies (2).
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6. THE PROOF OF THEOREM 1

In this section we establish Theorem 1. Thus we assume X is a finite Bruck loop
and we set £ = ¢(X) = (G, H, K).
Let X, be the set of r-elements of X forr € {2,2'}, K, = R(X,), and G, = (K,.).

(6.1) (1) For each x € X, x = x5 0 xo with x, € X, N {x), and this expression is
unique.

(2) R(z) = R(z2)R(zo) with R(z,) € K,.

(3) G = Ga * G is the central product of Go and Go/; that is, G = G2Go and
[G2,Go] = 1.

(4) 0% (X) < X.

(5) Gor < O(G).

(6) Xor = 0%(X)=0(X) < X and X/O(X) is a 2-element loop.

Proof. Parts (1) and (2) follow from (4.1)(1) and the corresponding statement for
groups. Then (3) follows from (1), (2), and Theorem 2.

By (3), G2 < G. Let G* = G/Ga, J, = KNGy, and Y = R71(J). For
R(z) € Ja, R(x) = R(y1) - R(yn) with y; € Xo. Define 1 = y; and for i > 1
define x; = x;_j0x; recursively. Then z,, € Xo and z = 1R(x) = 1R(y1) - - - R(yn) =
1R(x,) = 2, s0 Y = 02 (X).

Each element of K* is of odd order, so (5.9) tells us that G* is of odd order
and Y = 02 (X) is a normal subloop of X. Let L = Gy and U = L N Gy. Then
L* 2 L/U is of odd order, and hence solvable by the Odd Order Theorem [FT].
Also U < Z(L) by (3), so L is solvable and hence L = LoU, where Lg is a Hall
2'-subgroup of L by Phillip Hall’s Theorem 18.5 in [FGT]. Then as U < Z(L),
L = 0%L) = Ly is of odd order, establishing (5).

By (5.8), & = (L,CL(1),Kv) is a subfolder of &, so by 1.9 in [A2], Xo =
R™Y(Ky) is a subloop of X. Then by definition, Xo = O?(X). Let u € Ko and
v € K. By (2), v =ba with b € Ko and a € K3, so uv = uba. As &y is a subfolder,
ub = hb with h € Cp(7) and & € K. By Theorem 2, b'a = k' € K, so uv = hv';
that is, the normality condition (NC) of section 2 of [A2] is satisfied. Hence (6)
follows from 2.9 in [A2].

We are now in a position to prove Theorem 1. We apply (2.1) to Go and
G5 in the roles of the groups “G;” and “G5” in that lemma. From the proof
of (6.1), the subfolders & = (G, H N G,,J,) are normal with Jor = O(X) and
J» = 0%¥(X). By (6.1)(3), G = G1G2 = G3. Thus by (2.1), G = G1 x G
and X/XQ = Xl/XO X XQ/XQ = 02/(X)/X0 X O(X)/XO Also XQ = R_l(J),
where J = Ko N Gy. By (6.1)(3), J < Z(G). For k € K, k = ba with a € Ko,
b€ Ky. As 7 inverts j and b and j € Z(G), 7 inverts jb, so jb € Ky by (5.8).
Thus jk = jba € K by Theorem 2. Hence jK C K, so R7!(j) € Z(X); that is,
Xo < Z(X).

We have established the first four statements in Theorem 1, so it remains to
establish the fifth. Thus we may assume X is solvable. Moreover we assume
X is a counterexample of minimal order to part (5) of Theorem 1. Therefore
02 (X) # 05(X), so O¥(X) is not a 2-loop. Also each proper section Y of X is
solvable, so by minimality of X, Y = O2(Y) x O(Y) and Gy = O2(Gy) x O(Gy),
where Gy is the enveloping group of Y. In particular X = 0% (X) is not a 2-loop
and G = O (G) is not a 2-group.
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Suppose O(X) # 1. By minimality of X, ¥ = X/O(X) is a 2-loop and Gy is
a 2-group. Let U = R(O(X)) and G* = G/U. As O(X) < Z(X), & = (U,1,U)
is a normal subfolder of &, £* = (G*, H*, K*) = /&, and Y =2 1(£/&), so Gy =
G*/kerpg-(G*). By (3.3)(2), kerp«(G*) < Z(G*), so as Gy is a 2-group and U <
Z(@G), G is solvable and G = TZ(G) for T € Syls(G) by coprime action (cf. 18.7.4
in [FGT]). Thus G = 02 (G) = T, contradicting that G is not a 2-group.

Let Y be a maximal normal subloop of X. As O(X) =1and Y = O5(Y) xO(Y)
with O(Y) = 0?(Y) < O%*(X) = O(X), Y is a 2-loop. As X is a solvable 2-element
loop and Y a maximal normal subloop of X, X/Y = Z,. Thus |X| = 2|Y| is a
power of 2, so X is a 2-loop, for our final contradiction.

7. THE PROOF OF THEOREM 3

In this section we establish Theorem 3.
Assume X is an M-loop and let £ = ¢(X) = (G, H, K).

(7.1) (1) X is simple.
(2) O(X) =02(X) =1.
(3) X is a 2-element loop.
(4) Theorem 3 holds if X is of exponent 2.

Proof. If'Y is a proper nontrivial normal subloop of X, then Y and X/Y are proper
sections of X, and hence are solvable; but then X is also solvable, contradicting the
hypothesis that X is an M-loop. Therefore (1) holds. Then (2) follows from (1)
and (5.12). Finally if X is of exponent 2, then X is an N-loop, as defined in [A2],
so Theorem 3 holds in this case by the Main Theorem of [A2].

By (7.1)(3), X is a 2-element loop. We can repeat many of the lemmas from
section 12 of [A2], proved there under the stronger hypothesis that X is of exponent
2. By (7.1)(4), we may assume X is not of exponent 2. Adopt Notation 5.2, and
for U < Gset D(U) = (KNU). For U < H, let Dy = D(Gy).

(7.2) Assume p is an odd prime divisor of |H| and let 1 # P be a p-subgroup of
H. Then:

(1) H contains a Sylow p-subgroup of H.

(2) No member of A inverts an element of order p.

(3) |[Ng(P) : Ng(P)| is a power of 2.
Proof. As £p is a proper subfolder, Gp = HpDp, and Dp is a 2-group as X is
a 2-element M-loop. Thus (3) holds. Then (3) implies (1), while (1) and (5.5)(6)
imply (2).
(7.3) |G : H| is not a power of 2.

Proof. By (7.1)(2), G is not a 2-group, so as |X| = |G : H|, the lemma follows from
(5.7)(1).

During the remainder of this section we work in the following setup.

Hypothesis 7.4. M ™ is a maximal overgroup of (7)H in G*. Set M = MT NG,
J+ = kerM+(G+), KM = I(ﬂ]\4—"_7 AM = TKM, D = D(M), and G+* = G+/J+.

(7.5) (1) Hypothesis 3.1 is satisfied.
(2) O2(G)(r) = O2(GT) < J.
(3) |GT : M| is even.
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Proof. Visibly Hypothesis 7.4 implies Hypothesis 3.1, so (1) holds. As X is a 2-
element loop, 7 € O2(G™) by (5.13), so (2) holds. Finally 7 € AN J by (2), so (1)
and (3.2)(5) imply (3).

(7.6) (1) M =HD and D is a 2-group.
(2) [Am| = |M : H| is a power of 2.
3) |G : M| is even but not a power of 2.
4) M and H are not 2-groups.
5D < G, H* = M*, and K* N\ M* = 1.
6) Let N be the preimage in G of F*(G*). Then G = HN.
(7) J is a 2-group.

(
(
(
(

Proof. The proofs of (1)-(4) are the same as that of the correponding parts of 12.6
in [A2]. Similarly if D < @, then the proof of 12.6.5 in [A2] shows that (5) holds,
so suppose D is not normal in G. Recall D < M by (5.11), so M = Ng+(D)
by maximality of M*. Next let Dt = D(7); thus D = D" NG and Dt = (Ay),
with Apy = AN M. Thus DT = (Ny(D1)), so taking DT < Tt € Sylo(GT),
DT = (AN Nzp+(D7T)) and hence DT = (Tt NA), so Tt < Ng(Dt) < M,
contrary to (3).

Now parts (6) and (7) follow as in the proof of the corresponding parts of 12.6
in [A2].

(7.7) Suppose 1 £ U* < H* is a p-group for some odd prime p.

(1) H contains a Sylow p-group of the preimage of U* in G*.

(2) Na=(U") = Na(P)" = Nu(P)*D(Ca(P7)).

(3) The triple G*, M*, K* satisfies Hypothesis N of section 10 of [A2).

(4) K* = A*.
Proof. The proofs of (1)-(3) are the same as those of the corresponding parts of
12.7 in [A2]. Use (3.3) in proving (3). Note as 7 € J, K* = A* is a union of
conjugacy classes of involutions of G*.

(7.8) F*(G*) is a nonabelian simple group and G* = F*(G*)H*.
Proof. The proof is the same as that of 12.8 in [A2].

Theorem 7.9. (1) G* & PGLy(q) with ¢ =2"+1, H* is a Borel subgroup of G*,
and K*# consists of the involutions in G* — F*(G*).

(2) |[K*#|=m=q(q—1)/2 and |G : M| = q+ 1.

(3) Letng = |[KNJ| and ny = |KNalJ| fora € K—J. Thenng=|M : H|=|D:
DN H| is a power of 2, ng =n12""1, and | X| = |K| = (g+1)ng = n12"(2" 1 +1).

(4) F*(G) = J = 05(G).

Proof. The proofs of (1)-(3) are the same as the corresponding parts of 12.9 in [A2].
Note that since 7 € JT, for A € A — J*, A = 7a for some a € K — J* and the map
k — 7k is a bijection of K NaJ* with AJ*T NA.

By (5.4), G, = HD,, where D, = D(G,) and X is of exponent 2. As we are
assuming that X is not of exponent 2, X, # X, so X, is a 2-loop, and hence D,
is a 2-group. Thus each subgroup of G, of odd order is fused into H under D,.
However if (4) fails, then as 7 € J* = O2(GT), G = LJ*, where L = E(G), and
7 centralizes L. But then L centralizes D, so each subgroup of L of odd order is
contained in H. Therefore E = O*(E) < H, so E < kery(G) = 1, a contradiction.

Observe that 7.1 and Theorem 7.9 establish Theorem 3.
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8. THE PROOF OF COROLLARY 4

In this section we prove Corollary 4. Thus we assume X is a Bol loop which is also
an A,-loop. Let £ = e(X) = (G, H,K), G* = G/Ek(G), and G = G*/ kerg~(G*).

(8.1) (1) &= = (Ek(G),1,EK(G)) is a normal subfolder of G.
(2) E(X) is a normal subloop of X.
E(X) is isomorphic to the group Ex(G).
X/2(X) = UG, H*, K*).
There is a unique automorphism T of G* with 7> = 1 and K* C K (7).
H* < Cgq+(1). o
((X/E(X)) = (G, H, K).
X/Z(X) is a Bruck loop.
) kerg«(G*) < Z(G*).

Proof. Parts (1)-(4) are the corresponding parts of 6.5 in [A2]. Then (7) is a
consequence of (4) and 2.9.2 in [A2]. Part (5) follows from 5.1.3 in [A2]. As
X is an A,-loop, H acts on K via conjugation by 4.1 in [A2], so H* acts on K*.
Therefore (6) follows from the uniqueness of 7 in (5). Thus 7 acts on ker g« (G*) and
hence induces an automorphism 7 of G centralizing H with K C K (7). Therefore
_K(G) =1 by 5.1.3 in [A2]. Then (8) follows from this fact and the fact that 7
centralizes H, given the equivalence of parts (1) and (4) of (5.1). Finally (9) follows
from 4.3.4 in [A2].

Assume X is solvable. Then Z(X) is solvable, so the subgroup Zx(G) is also
solvable by (8.1)(3). Next by (8.1)(8), X/Z(X) is a Bruck loop, and solvable as X
is solvable. Then by Theorem 1 and the Odd Order Theorem [FT], the enveloping
group G of X/Z(X) is solvable, and by (8.1)(7), G = G. Then appealing to (8.1)(9),
G is solvable.

Thus to complete the proof of Corllary 3 it remains to show that X is solvable if
G is solvable. Assume otherwise and choose a counterexample X of minimal order.

As @ is solvable, so are Zx(G) and G. Hence Z(X) is solvable by (8.1)(3).
Further by (8.1)(8), X/Z(X) is a Bruck loop, and by (8.1)(7), G is its enveloping
group. Thus if 2(X) # 1, then X/=(X) is solvable by minimality of X, so X is
solvable, contrary to the choice of X. Therefore X is radical free and a Bruck loop.

Next if Y is a proper section of X, then by 2.9 in [AT], the enveloping group
of Y is a section of G, and hence is solvable. Therefore by minimality of X, Y is
solvable. Thus X is an M-loop. But now Theorem 3 supplies a contradiction, since
G is solvable.

(3)
(4)
(5)
(6)
(7)
(8)
9
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